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@ To distinguish a class of states in a composite quantum
system by LOCC.
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@ To distinguish a class of states in a composite quantum
system by LOCC.

@ The states given are orthogonal to each other.

@ Therefore, all are distinguishable globally.
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Basic Tasks

@ To distinguish a class of states in a composite quantum
system by LOCC.

@ The states given are orthogonal to each other.
@ Therefore, all are distinguishable globally.

@ The number of states given is finite.



@ Firstly, we will review some results on Pure bipartite states.

«Or «Fr o«

DA



@ Firstly, we will review some results on Pure bipartite states.
@ Mainly Single copy case and with certainty.
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@ Firstly, we will review some results on Pure bipartite states.
@ Mainly Single copy case and with certainty.

@ The class of Bell states and generalized Bell states.
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Our considerations

Firstly, we will review some results on Pure bipartite states.
Mainly Single copy case and with certainty.
The class of Bell states and generalized Bell states.

Next, we will discuss about a class of activable bound
entangled states.
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Our considerations

Firstly, we will review some results on Pure bipartite states.
Mainly Single copy case and with certainty.
The class of Bell states and generalized Bell states.

Next, we will discuss about a class of activable bound
entangled states.

Lastly, we will provide some recent results we got regarding
indistinguishability and distinguishability of certain classes of
states and related topics.



@ Suppose a quantum system is described by a state p. By a

physical operation on p we mean a completely positive map £
acting on the system and described by the Krause form:
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physical operation on p we mean a completely positive map £
acting on the system and described by the Krause form:

E(p) =D AxpA]
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@ Suppose a quantum system is described by a state p. By a
physical operation on p we mean a completely positive map &
acting on the system and described by the Krause form:

E(p) =D AxpA]
k

@ where each A is linear operator that satisfies the relation
ok ALAk </l > AI(A;( = | represents the operation is trace
preserving.
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Physical Operations

@ Suppose a quantum system is described by a state p. By a
physical operation on p we mean a completely positive map &
acting on the system and described by the Krause form:

E(p) =D AxpA]
k

@ where each A is linear operator that satisfies the relation
ok ALAk </l > AI(A;( = | represents the operation is trace
preserving.

@ A particular type of physical operation is very much useful in
quantum information theory, viz., the separable superoperator.



@ Suppose a quantum state is shared between a number of

parties, say, A, B, C, D, etc., and each Ak in the Krause
representation has the form Ay = [} @ LB @ L @ 1P ® -
where all Lf, LE, LE, L,?,

are linear operators,
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@ Suppose a quantum state is shared between a number of
parties, say, A, B, C, D, etc., and each A in the Krause
representation has the form Ay = L} @ LB L @ P ® -
where all L2, LB S [D ... are linear operators,

o then the map & is usually called a separable superoperator.
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@ Suppose a quantum state is shared between a number of
parties, say, A, B, C, D, etc., and each A in the Krause
representation has the form Ay = L} @ LB L @ P ® -
where all L2, LB S [D ... are linear operators,

o then the map & is usually called a separable superoperator.

@ By LOCC, we mean a physical operation where each party can
perform quantum operations in their subsystems and
communicate their results to the others and this process could
be performed in infinitely many rounds.
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@ Suppose a quantum state is shared between a number of
parties, say, A, B, C, D, etc., and each A in the Krause
representation has the form Ay = L} @ LB L @ P ® -
where all L2, LB S [D ... are linear operators,

o then the map & is usually called a separable superoperator.

@ By LOCC, we mean a physical operation where each party can
perform quantum operations in their subsystems and
communicate their results to the others and this process could
be performed in infinitely many rounds.

@ It is interesting to note that every LOCC is a separable
superoperator but the converse is not always true.



@ The subject starts with one of the most striking invention by
Bennett group [Quantum non-locality without entanglement,
PRA, 59(1999) 1070-1091]
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Review

@ The subject starts with one of the most striking invention by
Bennett group [Quantum non-locality without entanglement,
PRA, 59(1999) 1070-1091]

@ A complete orthogonal basis of 3x3 system,
[0)y[0£1),]|2)|1+£2),]1£2)[0),[0£1)]2),|1)]|1), are not
locally distinguishable with certainty in the single copy case.
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Review

@ The subject starts with one of the most striking invention by
Bennett group [Quantum non-locality without entanglement,
PRA, 59(1999) 1070-1091]

@ A complete orthogonal basis of 3x3 system,
0)[0+1),]2) [1£2),[14+2)[0),[0£1)[2),]1) 1), are not
locally distinguishable with certainty in the single copy case.

@ Another most striking example of an orthogonal product basis
is the discovery of Unextendible product basis by Bennett et.
al.[PRL, 82(1999),5385],
0)[0—1),]|2)|1—2),]1—2)[0),]0—-1)]2),]0+1+2)[0+1+2)
in 3x3.This set is not exactly locally distinguishable. Later
many classes of UPB have been formed, and all have the same
property regarding distinguishability.
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@ Quite contrary to the above cases, it is found by Hardy,
Walgate, [PRL, 85 (2000), 4972], that any two orthogonal
pure states of bipartite or multipartite systems(whether
entangled or not) are locally distinguishable with certainty.
They have shown that any two orthogonal pure bipartite
states can be expressed as;
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@ Quite contrary to the above cases, it is found by Hardy,
Walgate, [PRL, 85 (2000), 4972], that any two orthogonal
pure states of bipartite or multipartite systems(whether
entangled or not) are locally distinguishable with certainty.
They have shown that any two orthogonal pure bipartite
states can be expressed as;

o [¢) =[0) [x) +[1) ) +[2) [m) + ...

o [¢) =10} [X) + 1) |€) + [2) [7) + ...
are orthogonal to each other for the first system and [x), [X),
1€),[€), [m) M) -+ are pairwise orthogonal.
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@ Quite contrary to the above cases, it is found by Hardy,
Walgate, [PRL, 85 (2000), 4972], that any two orthogonal
pure states of bipartite or multipartite systems(whether
entangled or not) are locally distinguishable with certainty.
They have shown that any two orthogonal pure bipartite
states can be expressed as;

o [¢) =10) [x) + 1) [€) +[2) |m) +

o [¢) =10)[X) + 1) [€) + [2) [7) +
are orthogonal to each other for the first system and [x), [X),
1€),[€), [m) M) -+ are pairwise orthogonal.

o Consider now four Bell states, |®F) = %
£y — [01)4[10)
) = o]

and

. They are not locally distinguishable with

certainty in the single copy case [PRL, 87 (2001),277902].
The proof is quite interesting.
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Smolin state and local indistinguishability of Bell states

@ Consider the four qubit states shared among four distant

parties: p; = 1 {P[¢*]® P[®F] + P[] ® P[®~] +

PVt ® PV + PV~ @ P[V]}
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@ Consider the four qubit states shared among four distant
parties: p; = 1 {P[¢*]® P[®F] + P[] ® P[®~] +
PlV*] @ PWH] + PV ] ® PV~ ]}

o where |®*) and |W™) are the Bell states, written in their
usual basis and P[] represents projectors on those states. The
state pj, known as Smolin state or unlockable/activable
bound entangled state [Phys. Rev. A 63, 032306 (2001)].
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PlV*] @ PWH] + PV ] ® PV~ ]}

o where |®*) and |W™) are the Bell states, written in their
usual basis and P[] represents projectors on those states. The
state pj, known as Smolin state or unlockable/activable
bound entangled state [Phys. Rev. A 63, 032306 (2001)].

@ The state is symmetric w.r.t. all the four parties, separable in
2:2 cut and if any two parties came together in a lab, then it
is possible to share a Bell state among other two parties.
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Smolin state and local indistinguishability of Bell states

@ Consider the four qubit states shared among four distant
parties: p; = 1 {P[¢*]® P[®F] + P[] ® P[®~] +
PlV*] @ PWH] + PV ] ® PV~ ]}

o where |®*) and |W™) are the Bell states, written in their
usual basis and P[] represents projectors on those states. The
state pj, known as Smolin state or unlockable/activable
bound entangled state [Phys. Rev. A 63, 032306 (2001)].

@ The state is symmetric w.r.t. all the four parties, separable in
2:2 cut and if any two parties came together in a lab, then it
is possible to share a Bell state among other two parties.

o If Bell states are locally distinguishable, then by LOCC only
(not coming together in a lab) any two parties can distinguish
which Bell state they are sharing and correspondingly other
two parties will share a definite Bell state. As the state is
separable in any 2:2 cut, it is not possible to share Bell states
to other two parties situating all the four in distant-labs:



@ It is also proved by using bound on distillable entanglement

that even any three of them are locally indistinguishable.
Later the result extended for non-maximally entangled states.
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Further results

@ It is also proved by using bound on distillable entanglement
that even any three of them are locally indistinguishable.
Later the result extended for non-maximally entangled states.

@ The problem of local distinguishability or indistinguishability in
2x2 system is completely solved by Hardy, Walgate, [PRL, 89
(2002),147901], in the sense that, which three orthogonal pure
states would be locally distinguishable or which four states.
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Later the result extended for non-maximally entangled states.

@ The problem of local distinguishability or indistinguishability in
2x2 system is completely solved by Hardy, Walgate, [PRL, 89
(2002),147901], in the sense that, which three orthogonal pure
states would be locally distinguishable or which four states.

@ Later, Horodecki et.al. [PRL,90(2003),047902] gave a
condition for a complete orthogonal basis in bipartite system
to be locally distinguishable or not.
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Further results

@ It is also proved by using bound on distillable entanglement
that even any three of them are locally indistinguishable.
Later the result extended for non-maximally entangled states.

@ The problem of local distinguishability or indistinguishability in
2x2 system is completely solved by Hardy, Walgate, [PRL, 89
(2002),147901], in the sense that, which three orthogonal pure
states would be locally distinguishable or which four states.

@ Later, Horodecki et.al. [PRL,90(2003),047902] gave a
condition for a complete orthogonal basis in bipartite system
to be locally distinguishable or not.

o If at least one of the states is entangled then the basis is not
locally distinguishable and the basis is probabilistically
distinguishable iff all are product.



e Watrous [PRL, 95(2005), 080505] constructed a class of

bipartite subspace having no bases distinguishable by LOCC.
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Some interesting results

e Watrous [PRL, 95(2005), 080505] constructed a class of
bipartite subspace having no bases distinguishable by LOCC.

e S. Bandyopadhyay and J. Walgate [ J. Phys. A: Math. Theor.
42 (2009) 072002] showed that any three linearly independent
pure quantum states are locally unambiguously
distinguishable.
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e Watrous [PRL, 95(2005), 080505] constructed a class of
bipartite subspace having no bases distinguishable by LOCC.

e S. Bandyopadhyay and J. Walgate [ J. Phys. A: Math. Theor.
42 (2009) 072002] showed that any three linearly independent
pure quantum states are locally unambiguously
distinguishable.

e Duan et al [PRL, 98(2007),230502] provided a lower bound on
the number of locally unambiguously distinguishable members
in an arbitrary basis.
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Some interesting results

e Watrous [PRL, 95(2005), 080505] constructed a class of
bipartite subspace having no bases distinguishable by LOCC.

e S. Bandyopadhyay and J. Walgate [ J. Phys. A: Math. Theor.
42 (2009) 072002] showed that any three linearly independent
pure quantum states are locally unambiguously
distinguishable.

e Duan et al [PRL, 98(2007),230502] provided a lower bound on
the number of locally unambiguously distinguishable members
in an arbitrary basis.

e Walgate and Scott [J. Phys. A 41, 375305 (2008)] showed a

condition for unambiguously locally distinguishable random
quantum pure states.
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@ Consider the full set of orthogonal maximally entangled states
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Local discrimination of generalized Bell States

@ Consider the full set of orthogonal maximally entangled states
in dxd:

o |[Ymn) = Z - exp(zmjn> i) [j + m mod d), where
n,m=20, 1 d—1.

e All are connected with |¢00> locally unitarily by Upym ® 1,
where, Upm = f Z o exp<2””"> /)  + m mod d|, are
trace orthogonal.
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Local discrimination of generalized Bell States

@ Consider the full set of orthogonal maximally entangled states
in dxd:

o |[Ymn) = Z - exp(zmjn> i) [j + m mod d), where
n,m=20, 1 d—1.

e All are connected with |¢00> locally unitarily by Upym ® 1,
where, Upm = f Z o exp(zﬂ”"> /)  + m mod d|, are
trace orthogonal.

@ The class of maximally entangled states are also known as
generalized Bell states.



@ Now, one may ask about the maximum no. of states that are
locally distinguishable with certainty in single copy case.
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@ Now, one may ask about the maximum no. of states that are
locally distinguishable with certainty in single copy case.

@ By using bound on distillable entanglement it is shown by
Ghosh et al [PRA, 70(2004), 022304] that no d + 1 states
taken from d? states are locally distinguishable.
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@ Now, one may ask about the maximum no. of states that are
locally distinguishable with certainty in single copy case.

@ By using bound on distillable entanglement it is shown by
Ghosh et al [PRA, 70(2004), 022304] that no d + 1 states
taken from d? states are locally distinguishable.

e Fan [PRL, 92(2004), 177905] showed that if d is prime then
any k states are locally distinguishable if k(k —1)/2 < d.
Clearly, any three from the set of d?, (d > 2) states are
locally distinguishable.
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@ Now, one may ask about the maximum no. of states that are
locally distinguishable with certainty in single copy case.

@ By using bound on distillable entanglement it is shown by
Ghosh et al [PRA, 70(2004), 022304] that no d + 1 states
taken from d? states are locally distinguishable.

e Fan [PRL, 92(2004), 177905] showed that if d is prime then
any k states are locally distinguishable if k(k —1)/2 < d.
Clearly, any three from the set of d2, (d > 2) states are
locally distinguishable.

e Later, Nathanson [JMP, 46(2005), 062103] generalized this
result to any set of three maximally orthogonal states
C3 ® C3. Using the existence of mutually unbiased basis he
also found the condition for a set of k maximally entangled
states. Result of Fan is reproduced and also established the
result for d 4+ 1 states.
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Local discrimination by teleportation protocol

@ All the above results do not provide us the condition that
exactly which d or less than d number of states from d?
generalized Bell states are locally distinguishable.
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@ All the above results do not provide us the condition that
exactly which d or less than d number of states from d?
generalized Bell states are locally distinguishable.

@ To proceed further we now go back to the teleportation
protocol for local discrimination provided by Ghosh et al. The
protocol runs as follows:
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Local discrimination by teleportation protocol

@ All the above results do not provide us the condition that
exactly which d or less than d number of states from d?
generalized Bell states are locally distinguishable.

@ To proceed further we now go back to the teleportation
protocol for local discrimination provided by Ghosh et al. The
protocol runs as follows:

e Consider an arbitrary qudit |¢). Use any state from the whole
set of generalized Bell states. Teleport the above qudit using
the maximally entangled state as Channel using standard
Bennett protocol.
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Local discrimination by teleportation protocol

@ All the above results do not provide us the condition that
exactly which d or less than d number of states from d?
generalized Bell states are locally distinguishable.

@ To proceed further we now go back to the teleportation
protocol for local discrimination provided by Ghosh et al. The
protocol runs as follows:

e Consider an arbitrary qudit |¢). Use any state from the whole
set of generalized Bell states. Teleport the above qudit using
the maximally entangled state as Channel using standard
Bennett protocol.

@ As the protocol is fixed, therefore the qudits obtained after
teleportation are different.
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@ Now consider any d or less than d no. of generalized Bell
states. If all the states found after teleportation are
orthogonal for at least one qudit |¢), then the states are
surely locally distinguishable. So it is a sufficient condition for

local distinguishability.
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@ Now consider any d or less than d no. of generalized Bell
states. If all the states found after teleportation are
orthogonal for at least one qudit |¢), then the states are
surely locally distinguishable. So it is a sufficient condition for
local distinguishability.

@ It is interesting to note that the condition for existence of
such |¢) for d or less than d states is equivalent to the finding
of solution for discriminating corresponding unitary operators
by a qudit.
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@ Now consider any d or less than d no. of generalized Bell
states. If all the states found after teleportation are
orthogonal for at least one qudit |¢), then the states are
surely locally distinguishable. So it is a sufficient condition for
local distinguishability.

@ It is interesting to note that the condition for existence of
such |¢) for d or less than d states is equivalent to the finding
of solution for discriminating corresponding unitary operators
by a qudit.

@ Two observations: if two copies of each generalized Bell states
are supplied then by teleportation protocol it is shown that the
full set of d? states are locally distinguishable.
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@ Now consider any d or less than d no. of generalized Bell
states. If all the states found after teleportation are
orthogonal for at least one qudit |¢), then the states are
surely locally distinguishable. So it is a sufficient condition for
local distinguishability.

@ It is interesting to note that the condition for existence of
such |¢) for d or less than d states is equivalent to the finding
of solution for discriminating corresponding unitary operators
by a qudit.

@ Two observations: if two copies of each generalized Bell states
are supplied then by teleportation protocol it is shown that the
full set of d? states are locally distinguishable.

o If a set of d or less than d states are locally distinguishable,
then considering the teleported states as basis, we can
rearrange the states in such a manner so that they could be
distinguishable by 1-way LOCC.



@ Examples where teleportation protocol fails. Consider the
following four states in 6x6:
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@ Examples where teleportation protocol fails. Consider the
following four states in 6x6:

o [woo) = Z[10)[0) +[1)[1) +---[5) [5)]
o o) = L[0)[0) +w[1) 1) + -5 5)[5)]
o o) = 110 [0) + w? [1) 1) + ---w?[5) |5)]
o [woz) = Z[0) [3) +[1)[4) +---[5) [2)]

where w = sixth root of unity.
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@ Examples where teleportation protocol fails. Consider the
following four states in 6x6:

® [thoo) = J=[0) 0) + [1)[1) + -+ [5) |5)]
o [¢h10) = 7[10)[0) + w (1) [1) + -+ w® [5) [5)]
o [1h30) = 7[10)[0) +w? [1)[1) + -+ w? [5) [5)]
o [tho3) = [0} 3) + 1) [4) + -+ [5) |2)]

where w = sixth root of unity.

@ Teleportation protocol fails for this set of states. Also, in 4x4,
5x5, there are examples of four states where the protocol fails.
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@ Examples where teleportation protocol fails. Consider the
following four states in 6x6:

® [thoo) = J=[0) 0) + [1)[1) + -+ [5) |5)]

o [¢h10) = Z[0)[0) +w[1)[1) +---w?[5) |5)]

o [1h30) = 7[10)[0) +w? [1)[1) + -+ w? [5) [5)]

o [tho3) = [0} 3) + 1) [4) + -+ [5) |2)]
where w = sixth root of unity.

@ Teleportation protocol fails for this set of states. Also, in 4x4,
5x5, there are examples of four states where the protocol fails.

o Later, Ghosh et al and Bandyopadhyay et al provide other
conditions by which the problem of local discrimination of the
class of d maximally entangled states by 1-way LOCC
resolved.



o Consider the class of activable bound entangled states of

multi-qubit system. Firstly, the four qubit states shared
among four distant parties.
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Activable Bound Entangled States

@ Consider the class of activable bound entangled states of
multi-qubit system. Firstly, the four qubit states shared
among four distant parties.

pi = 1 {PIOY]® PIO*]+ P[0T @ PlOT] + PV @ P[V]
+PV7]® P[WT]}
oi = 1{POY]® PV + PloT] @ PV + PV @ P0%]

+P[V"] ® P[OF]}
(1)
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Activable Bound Entangled States

@ Consider the class of activable bound entangled states of
multi-qubit system. Firstly, the four qubit states shared
among four distant parties.

pi = 1 {PIOY]® PIO*]+ P[0T @ PlOT] + PV @ P[V]
+PV7]® P[WT]}
oi = 1{POY]® PV + PloT] @ PV + PV @ P0%]

+P[V"] ® P[OF]}
(1)

o where |®*) and |W™) are the Bell states, written in their
usual basis and P[] represents projectors on those states. The
state pj, is the Smolin state described earlier.
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Activable Bound Entangled States

@ Consider the class of activable bound entangled states of
multi-qubit system. Firstly, the four qubit states shared
among four distant parties.

pi = 1 {PIOY]® PIO*]+ P[0T @ PlOT] + PV @ P[V]
+PV7]® P[WT]}
oi = 1{POY]® PV + PloT] @ PV + PV @ P0%]

+P[V"] ® P[OF]}
(1)

o where |®*) and |W™) are the Bell states, written in their
usual basis and P[] represents projectors on those states. The
state pj, is the Smolin state described earlier.

@ The class of activable bound entangled states in multiqubit
systems [Phys. Rev. A 71, 062317 (2005)] constructed as
follows:
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@ In any even number of qubit system starting from four, there
are exactly four states belonging to this class. A nice
Bell-correlation is seen in this class between the states of two
successive systems, that provides the generalization scheme.
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@ In any even number of qubit system starting from four, there
are exactly four states belonging to this class. A nice
Bell-correlation is seen in this class between the states of two
successive systems, that provides the generalization scheme.

o If we denote the 2V qubit states as péc,v, aéc,v then the next
four states of 2N + 2 qubit system are given by,

= 1 {p3n ® P[O*] + pyy © P[OF] + o3y @ PWH]
o,y @ PIVT]}

U§N+2 = 1 {pan ® PIVE] + popy ® PIVT] + 03 © P[]
0o,y @ P[®T]}

(2)

+
Pany2
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@ In any even number of qubit system starting from four, there
are exactly four states belonging to this class. A nice
Bell-correlation is seen in this class between the states of two
successive systems, that provides the generalization scheme.

o If we denote the 2V qubit states as péc,v, aéc,v then the next
four states of 2N + 2 qubit system are given by,

P§N+2 = 1 {p3n ® P[O*] + pyy © P[OF] + o3y @ PWH]
o,y @ PIVT]}

U§N+2 = 1 {pan ® PIVE] + popy ® PIVT] + 03 © P[]
0o,y @ P[®T]}

(2)

@ The above formula enables one to generate the whole class of
states from the four qubit states by a recursive process. We
now show some special features of this class of states.



@ Permutation Symmetry: The whole class of states are
symmetric over all the parties concerned, i.e., the states

remain invariant under the interchange of any two parties.
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@ Permutation Symmetry: The whole class of states are
symmetric over all the parties concerned, i.e., the states
remain invariant under the interchange of any two parties.

e Orthogonality: From Eq.(2) the four states of 2N 4 2 qubit
system are orthogonal to each other if the 2N qubit states are
so. Also from Eq.(1) we observe the four states pflt , ait are
mutually orthogonal. Thus recursively it provides
orthogonality of the four activable bound entangled states of
any even qubit systems.



Exploring strong locality: Quantum state discrimination regime and beyond
000000000000 0000000000000

Contd..

@ Permutation Symmetry: The whole class of states are
symmetric over all the parties concerned, i.e., the states
remain invariant under the interchange of any two parties.

e Orthogonality: From Eq.(2) the four states of 2N 4 2 qubit
system are orthogonal to each other if the 2N qubit states are
so. Also from Eq.(1) we observe the four states pflt , ait are
mutually orthogonal. Thus recursively it provides
orthogonality of the four activable bound entangled states of
any even qubit systems.

@ Local Indistinguishability: The four states of 2N qubit
system, for N > 2 are locally indistinguishable. The proof is
also done recursively. The argument is mainly based on
generation of entanglement between any two parties if other
two parties are able to distinguish the class of four states
locally, which is impossible as parties are in distant labs and
states are separable in any 2:2 cut.
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Nonlocality without entanglement

@ We have discussed mainly several results on distinguishability
or indistinguishability of class of orthogonal bipartite pure
states and especially the problem of local discrimination of
maximally entangled states in d x d. Several other results also
provided by many groups. Recently, entanglement assisted
discrimination protocols generates further interests on many
class of states which initially are locally indistinguishable.
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@ We have discussed mainly several results on distinguishability
or indistinguishability of class of orthogonal bipartite pure
states and especially the problem of local discrimination of
maximally entangled states in d x d. Several other results also
provided by many groups. Recently, entanglement assisted
discrimination protocols generates further interests on many
class of states which initially are locally indistinguishable.

@ Looking back to the result of nonlocality without
entanglement where Bennett et al provided full class of
product states and a set of UPB in 3x3. In multipartite
systems, this concept is still studied incompletely except for
some special completely orthogonal product bases(COPB) and
some unextendible product bases(UPBs).



Exploring strong locality: Quantum state discrimination regime and beyond
000000000000 0000000000000

Nonlocality without entanglement

@ We have discussed mainly several results on distinguishability
or indistinguishability of class of orthogonal bipartite pure
states and especially the problem of local discrimination of
maximally entangled states in d x d. Several other results also
provided by many groups. Recently, entanglement assisted
discrimination protocols generates further interests on many
class of states which initially are locally indistinguishable.

@ Looking back to the result of nonlocality without
entanglement where Bennett et al provided full class of
product states and a set of UPB in 3x3. In multipartite
systems, this concept is still studied incompletely except for
some special completely orthogonal product bases(COPB) and
some unextendible product bases(UPBs).

@ We now provide a result in tripartite system which exhibits
nonlocality without entanglement but are distinguishable if we
provide some assistance by entanglement.
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Some LOCC indistinguishable classes of product states in
tripartite system

Example 1: In C® & C® @) C° the set of 36 orthogonal product

states
2+3)[0)[3) [2+3)[2)[5) |4+£5)[2)[5)
3)2+3)10)  [5)2+3)[2) [5)[4+5)[2)
0)13)[2+3) [2)[5)[2+3) [2)[5)[4+£5)
2£3)[2)[3)  [3£4)[2)]4)
3)2£3)2)  [4)3+4)]2)
2)13)[2+3)  [2)|4)[3+4)
[1+2)[1)[3) [0£1)[0)3)
3)[1£2)[1) [3)|0+1)]0)
DB [1+2) [0)[3)[0+1)

e | OCC indictinoiiichable
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Theorem 1: In C?¢ ®) C??¢ ® C29, where d is odd, the set of
18(d — 1) orthogonal product states

|¢iy) = |i£i+1)[i)|d), i=0,1,2,...,d 1.

|05, 10) = ld) [i£7+T)]i), i=0,1,2,...d — 1.

\(@HH) =|i)|d)[i+i+1),i=0,1,2,.,d—1
|$2y1i) =[£I +1)|d=1)[i+1),
i=d,d+1,d+2,..2d—2.

y¢id+,>: i+1)|iti+1)|d—1),i=d,d+1,d+2,..2d—2.
|Gagrai) = d =1 |i+ 1) [i£i+1),
i=d,d+1,d+2,..2d—2.

bog2rs) =|d—1+d)]i)]d), i =024,..d-3.

’¢6d—1+%+%> =|d)[d=1+d)li),i=0,24,...d-3.
’¢7d—3+£> =|i)|d)|[d—1+d), i=0,24,..d—3
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d—4.

.d—4.

2d —1.
,2d —1.
2d —2.

Contd..

Vo 2+L+Tl>: d—1)|i)|d), i=1,3.5,...

w8d5+71>=d >\,,—135 ,d — 4.

Vg5 o3zt ) = | |d 3+d—1),i=135,.

Vog_o i >=d +d>|d—1 i, i=d+2,d+4,..,

Yoy oy ict 1>: >\d—1+d>yd—1>, i=d+2,d+4,.
> iy [d—1+d),

i—d+2 d+4 2d—1.

wlod,nﬁ-) = D) i=d+3,d+5,...

wlld—12+%> =|i)|d+d+1)|d - 1),

i=d+3,d+5,..,2d - 2.
cannot be perfectly distinguished by LOCC.
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Theorem 2: In C?¢ ® C29 ® C?9, where d is even, the set of
18(d — 1) orthogonal product states

6= ) =i i+ 1)]i)|d), i=0,1,2,...d — L.

(GF sy = ) i £TF1)]1), i =0,1,2,..d — 1.

ag00) = 1) |d) [i£7+1), i=0,1,2,....d — 1.

(G2a140) = [ £7+ 1) |d = 1) [i +1),
i=d.d+1,d+2,..,2d—2.

r )= li+ 1) [i i+ 1)|d 1), i=d,d+1,d+2,..,2d 2.
|$ag_1pi) = =1 |i+ 1) [i £7+1),
i=ddt1l,d+2,..,2d—2.

‘%d izl 1> =|d—1+d)|i)|d),i=1,3,5,...d-3.

‘¢6d 14454451 > |d) |[d =1+d)|i), i=1,3,5,..,d -3




Exploring strong locality: Quantum state discrimination regime and beyond
0000000000000000000000000

Contd..
¢m4#%>:ﬂwwﬂd—l+d)i:135wwd—&
¢7d_3+%+£> = ‘ 1> 0,2,4 d — 4.
Yag o1l ) = |d>\d 24+ d—1)|i), i=0,2,4,..d—4
Vgg 59ty i) = dy|d—2+d— )i:&gamd—4
¢%4#%>:wd—1+dﬂd—m Ni=d+2,d+4,..2d—2.
Yog 1041 ) =0 [d=T+d)|d—1), i=d+2,d+4,..2d -2
Urog_114i=¢ ) = |d = 1) |i) [d =1+ d),
i=d+2,d+4,..2d-2.
¢10d—11+f’73> =|d+d+1)ld-1)]i),
i=d+3,d+5,..,2d — 1.
¢11d713+"*‘+1> =) |d+d+1)[d-1),

i=d+3,d+5,..,2d— 1.
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Theorem 3: In C?k+1 ® C?+1 ® C2™+1, the set of
6(k 4+ I + m) — 5 orthogonal product states

|piis1) = [i£i+1)[2)|m), i=1,3,5,.,(2k —1).
‘¢2k+l',2k+f+1> = |2k> ‘I> |I + I+ 1>v I = 17 37 57 ceey (2m - 1)
|G2kr2mtizktamsive) = |k) [ 7+ 1)[2m),
i=1,3,5,..,(2/ - 1).

|Gkt 2mt2i4i—12k+2mr2i+i) = |i £ 7+ 1) |0) |m),
i=2,4,6,...,(2k — 2).

|Pak+2mi21-14k+2m+21) = [0 £ 1) [0) |m)
|Gakt2mt2iri-t,ak+2mr2i+i) = |K) | £ 7+ 1)]0),

i =2,4.6,..,(2] - 2).

|ak+ar+om—1,ak+4ai+2m) = |k) |0 £ 1) |0)



Exploring strong locality: Quantum state discrimination regime and beyond
0000000000000000000000000

| Gakrairomtitaksairomsi) = [0V 1) |i £7+ 1),
i=2,46,..,(2m - 2).

|ak-+ai+am—1,4k+ai+am) = 0) |[) |0 £ 1)
(Gassarsamsi) = 1) 1) [m), i = 1,2,3, ..(2k — 1).
(Goksstsamsr 1) = [K) 1) m), i = 1,2,3, (1~ 1).
(Gosstsams2) = K} i) |m).

= (14 1), (1 +2),(/+3), .2 — 1).
(Goksstsamsrs) = [k} D Ji) i =1,2,3, .(m— 1)
|P6k+61+amri—a) = |K) |I) i),
i=(m+1),(m+2),(m+3),...(2m —1).

cannot be perfectly distinguished by LOCC.
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Theorem 4: In C?k+1 Q) C?+1 & C?™, the set of 6(k +/+m) —8
orthogonal product states

|piis1) = |i£i+1)[2))jm—1), i=1,3,5,...,(2k — 1).

| okt 14ipkro+i) = [T+ 1)|0) [m—1), i =0,2,4,..,(2k - 2).
|bakrigkrrri) = [2) [i£i+1)[2m—1), i=1,3,5,...,(2/ — 1).
|Gaks2ir1+iakraira+i) = [2) |i £ +1)[0), i =0,2,4,...,(2/ - 2).
| Gakraiitiskrairari) = |2k) 1) [i i+ 1),
i=0,2,4,...(2m—4).

| Gakrairom—2+iak+airom—1+i) = |0) [1) | £ 7+ 1),
i=1,3,5,....(2m — 3).

|Gak+ai+am—34k+al+am—2) = 1) [1) [2m =2+ 2m —T)
‘¢4k+4l+4m—2+i> = ‘I> ’1> |m — 1>, I = 1,2,3, cery (2/( — 1)
‘¢6k+4l+4m74+i> = ‘2> |I> \m - 1>, = 2,3,4, cony (2/ — 1).
‘¢6k+6/+4m—5+i> = ‘2> |1> |i>v =123, (m - 2)'
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Theorem 5: In C?f+1 Q) C? @ C?™, the set of 6(k + [ + m) — 11
orthogonal product states

|piip1) =|i£i+1)|2/=1)m—1),i=1,3,5 ., (2k —1).
|2kt 14ipkro+i) = [i T+ 1)|0) [m—1),i=0,2,4,..(2k - 2).
|bakrigkriri) = [2) [i£i+1)[2m—1), i=1,3,5,...,(2/ — 3).
|Gaks2i—1+iakr2ii) = 12) [i i+ 1)[0), i =0,2,4,..., (2] — 4).
|Gaktai—3,4kta—2) = [2) |21 =2£2—T) |2m — 2)
|Gaksai—1+iakrairi) = |2k) 1) [i £7+1), i =0,2,4,...,(2m — 4).
|Gaktai+2m—atiak+air2m—3ti) = 0) [1) |i £7+1),
i=1,3,5,....,(2m — 3).

|Gak+ai+am—5ak+ai+am—a) = 1) [1) [2m =2+ 2m —T)
‘¢4k+4l+4m—4+i> == ‘I> ’1> |m — 1>, = 1,2,3, cery (2/( - 1)
|bek-ralram—61i) = |2) 1) [m—1), i =23,4,..,(2 —2).
‘¢6k+6/+4m78+i> = ‘2> |1> ’i>v =123, .., (m - 2)'

[ B6cso+4m—oi) = [2) |1) |1}, i = m, (m+ 1), (m+2)...,(2m — 2).
cannot be perfectly distinguished by LOCC.
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Theorem 6: In C?k @ C? @ C?™, the set of 6(k + [+ m) — 14
orthogonal product states
|Giv1ip2) = [i£7+1)[21 1)
|Gok—24ipk—1+i) = [i £+ 1)|
|Gak—s.ak—a) = |2k —2 £ 2k —
‘¢4k73+i,4k72+i> = ’2) ‘I' +i+ 1> |2m - 1 , i =
|Gakr2i—6+iak+2i—5+i) = |2) |i £ +1)|0), i =
|Gaktai—9,4k441—8) = [2) |2 —2£21— 1) |0)
| Gakrai—7+igk+ai—6+i) = |2k — 1) [2) |i £ 7+ 1),
i=0,2,4,..,(2m— 4).

| Gakrai+2m—10+iak+ait2m—9+i) = [0) [2) |i £7+ 1),
i=1,3,5,...,(2m - 5).

), i=0,2,4,..,(2k— 4).
|2>, ,_1 3,5,..., (2k — 5).
0)

2
0)
1)

0,2,4,..., (21 — 4).
1,3,5,...,(2/ — 5).
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| Pak-+a1+am—13,4k+41+4m— 12> 0) |2) [2m =2 +2m — 1)
| Oak+-41+4m—11,4k+41+am— 10 = |2k —3+2k—2)1)2)
| Gakrai+am—0.4ktal+am—s) = |2) |21 — 3 £ 21— 2)|1)
|Oak+ai+4m—7 4k+a1+4m—6) = |1)]2) }2m 3+2m-2)
|Pakratvam—7+i) = [2)[2) |i), i =2,3,....(2m = 2).
‘¢4k+4/+6m—11+l> | > |2> |2>v = 3347 ) (2k - 2)'
‘¢6k+4l+6m715+l> = |2> ”> 2), i =3,4,..., (2/ - 2)‘
|P6k+6/+6m—16) = [2) |2) [1)

|P6k+6/+6m—15) = [1) |2) [2)

|pek+6/+6m—14) = |2) 1) [2)
cannot be perfectly distinguished by LOCC.
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@ One may observe that each class of product states
constructed above are not an UPB. The sets can be extended
to orthonormal product bases. All the sets of states cannot be
perfectly distinguished by LOCC.
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@ One may observe that each class of product states
constructed above are not an UPB. The sets can be extended
to orthonormal product bases. All the sets of states cannot be
perfectly distinguished by LOCC.

@ This is because of the fact that for local distinguishability it is
necessary to eliminate state(s) of a given set, which is not
possible in the given scenario.
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@ One may observe that each class of product states
constructed above are not an UPB. The sets can be extended
to orthonormal product bases. All the sets of states cannot be
perfectly distinguished by LOCC.

@ This is because of the fact that for local distinguishability it is
necessary to eliminate state(s) of a given set, which is not
possible in the given scenario.

@ The special about the sets(Th.1-Th.6) is that they are the
LOCC indistinguishable sets containing minimum number of
states with respect to their dimensions.
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@ One may observe that each class of product states
constructed above are not an UPB. The sets can be extended
to orthonormal product bases. All the sets of states cannot be
perfectly distinguished by LOCC.

@ This is because of the fact that for local distinguishability it is
necessary to eliminate state(s) of a given set, which is not
possible in the given scenario.

@ The special about the sets(Th.1-Th.6) is that they are the
LOCC indistinguishable sets containing minimum number of
states with respect to their dimensions.

@ Because of the symmetric structure of those sets it indicates
that no one of the three parties cannot eliminate any state
from those sets.
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Entanglement assisted Discrimination protocol

Example 3: In C°® @) C® @ C® the set of 36 orthogonal product

states
1) = 2+ 3)10) [3) [9a) = [2+3) [2) |5)
[P2) = [3) |2+ 3) [0) lv5) = |5) |2+ 3) |2)
[P3) =10)[3) |2+ 3) [v6) = [2) [5) 2+ 3)
l78) = 12£3)[2)[3)  [t1314) = [3£4)[2) |4)
[Y9,10) = [3) [2£3)[2)  |1516) = [4) |3+ 4) [2)
[P11,12) = [2)[3) 2 £3)  [h17,18) = [2) 4) 3+ 4)
[11020) = [1 £2) 1) [3)  [th2s26) = [0 £ 1) |0) |3)
[92122) = [3) [L £2) [1)  [th27.28) = [3) |0 £ 1) |0)
[92324) = [1) [3) [L£2)  [th29.30) = [0)[3) |0+ 1)
[¥31,32) = |4 £5) |2) |5)
[933,.34) = [5) [4 £ 5) [2)
[935,36) = [2) 5) |4 £5)

can be distinguished by LOCC with one-copy of GHZ state.



@ Theorem 7: In C?2¢ ® €29 ® C?9, where d is odd or even, the
set of 18(d — 1) orthogonal product states can be

distinguished by LOCC with one-copy of GHZ state.
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@ Theorem 7: In C29¢ @ C2¢ ® C29, where d is odd or even, the
set of 18(d — 1) orthogonal product states can be
distinguished by LOCC with one-copy of GHZ state.

o Theorem 8: In C?k+1 Q C?+1 (Q C2m+1, a GHZ state shared
between three parties is sufficient to perfectly distinguished the
set of 6(k + / + m) — 5 orthogonal product states by LOCC.
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@ Theorem 7: In C29¢ @ C2¢ ® C29, where d is odd or even, the
set of 18(d — 1) orthogonal product states can be
distinguished by LOCC with one-copy of GHZ state.

o Theorem 8: In C?k+1 Q C?+1 (Q C2m+1, a GHZ state shared
between three parties is sufficient to perfectly distinguished the
set of 6(k + / + m) — 5 orthogonal product states by LOCC.

@ Since, all the sets are symmetric, it is really not important
which pair of parties holds the resource state. Also the
required entanglement resource to accomplish the task of
distinguishing the non-local sets does not depend on the
dimension of the subsystems.
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@ Theorem 7: In C29¢ @ C2¢ ® C29, where d is odd or even, the
set of 18(d — 1) orthogonal product states can be
distinguished by LOCC with one-copy of GHZ state.

o Theorem 8: In C?k+1 Q C?+1 (Q C2m+1, a GHZ state shared
between three parties is sufficient to perfectly distinguished the
set of 6(k + / + m) — 5 orthogonal product states by LOCC.

@ Since, all the sets are symmetric, it is really not important
which pair of parties holds the resource state. Also the
required entanglement resource to accomplish the task of
distinguishing the non-local sets does not depend on the
dimension of the subsystems.

@ All the LOCC indistinguishable sets constructed in Th.1-Th.6
are minimal in cardinality. Also, the above classes of states are
minimal sets which are distinguishable through GHZ state.
We observe advantage by using genuine entanglement as a
resource for discrimination of some of those classes.



@ Here are two interesting open problems: The first is to find
the LOCC indistinguishable sets of lesser number of states for

arbitrarily high-dimensional multipartite quantum systems.
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@ Here are two interesting open problems: The first is to find
the LOCC indistinguishable sets of lesser number of states for
arbitrarily high-dimensional multipartite quantum systems.

@ Second, the question of optimality of the entangled resources
used in our discrimination protocols remains open.
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@ Here are two interesting open problems: The first is to find
the LOCC indistinguishable sets of lesser number of states for
arbitrarily high-dimensional multipartite quantum systems.

@ Second, the question of optimality of the entangled resources
used in our discrimination protocols remains open.

@ In a given Hilbert space, the subsets constructed here are
small sets. That is the number of states contained in the set
is much lesser than the net dimension of the Hilbert space.
Hence an essential search in this direction is to find out the
number of orthogonal product states from which no one can
be eliminated by orthogonality preserving
positive-operator-valued measurement(OPPOVM). Explicit
constructions of such sets are also important for any
multipartite quantum system.
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Activation of nonlocality[Phys. Rev. A 110, 042424
(2024)]

@ The local indistinguishability of quantum states has been
practically applied in quantum cryptography primitives such as
data hiding, secret sharing, etc.
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Activation of nonlocality[Phys. Rev. A 110, 042424
(2024)]

@ The local indistinguishability of quantum states has been
practically applied in quantum cryptography primitives such as
data hiding, secret sharing, etc.

@ Thus immediately one question emerge that if there are only
local sets in our hand, how can we transfer them into
resources that have applications in data hiding?
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Activation of nonlocality[Phys. Rev. A 110, 042424
(2024)]

@ The local indistinguishability of quantum states has been
practically applied in quantum cryptography primitives such as
data hiding, secret sharing, etc.

@ Thus immediately one question emerge that if there are only
local sets in our hand, how can we transfer them into
resources that have applications in data hiding?

@ Here comes some trivial sets with this property and that
initiated the perception of local redundancy. An orthogonal
set is pronounced to be locally redundant if it remains
orthogonal after discarding one or more subsystems. Apart
from that, it is called to be locally irredundant.
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Activation of nonlocality

e In [Phys. Rev. A 104, L050201 (2021)], Bandyopadhyay and
Halder first revealed that there exist some orthogonal sets free
from local redundancy that can be distinguished locally but
under some orthogonality preserving local
measurement(OPLM), each outcome will lead to a locally
indistinguishable set. They called this phenomenon genuine
activation of nonlocality. The term ‘genuine’ denotes that the
set must be free from local redundancy.
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Activation of nonlocality

e In [Phys. Rev. A 104, L050201 (2021)], Bandyopadhyay and
Halder first revealed that there exist some orthogonal sets free
from local redundancy that can be distinguished locally but
under some orthogonality preserving local
measurement(OPLM), each outcome will lead to a locally
indistinguishable set. They called this phenomenon genuine
activation of nonlocality. The term ‘genuine’ denotes that the
set must be free from local redundancy.

@ In [New J. Phys. 24 043036 (2022)], Li and Zheng extended
the result by addressing two types of genuine hidden
nonlocality (Genuine hidden nonlocality of type | or Il) and
came up with a locally distinguishable set of bipartite product
states which can be deterministically converted to a locally
irreducible set via OPLM.
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Activation of nonlocality

e In [Phys. Rev. A 104, L050201 (2021)], Bandyopadhyay and
Halder first revealed that there exist some orthogonal sets free
from local redundancy that can be distinguished locally but
under some orthogonality preserving local
measurement(OPLM), each outcome will lead to a locally
indistinguishable set. They called this phenomenon genuine
activation of nonlocality. The term ‘genuine’ denotes that the
set must be free from local redundancy.

@ In [New J. Phys. 24 043036 (2022)], Li and Zheng extended
the result by addressing two types of genuine hidden
nonlocality (Genuine hidden nonlocality of type | or Il) and
came up with a locally distinguishable set of bipartite product
states which can be deterministically converted to a locally
irreducible set via OPLM.

e After that Ghosh et al. [Phys. Rev. A 106, L010202, 2022]
gave a scenario for the activation of the strongest possible
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@ The genuine activation of nonlocality for the multipartite
scenario is not fully explored. Still, many questions arise which
are not been fully known yet.

@ Is there exist a local set in which local activation is not
possible, but to activate nonlocality two or more parties must
come to the same place?
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@ The genuine activation of nonlocality for the multipartite
scenario is not fully explored. Still, many questions arise which
are not been fully known yet.

@ Is there exist a local set in which local activation is not
possible, but to activate nonlocality two or more parties must
come to the same place?

@ From the point of view of hidden nonlocality activation, these
types of sets belong to the more local category than aforesaid
sets.

@ In our work, we have tried to explore the solution to the above
question from the perspective of LPCC (P stands for
projective measurments).

@ More precisely, we encounter two distinct types of local sets
within the n-party quantum system, say S; and S>. None of
these sets can be directly employed to transmit hidden
classical information because we know the information
encoded in a locally distinguishable set is always locally
accessible.
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Examples: S;, S, C C3%2%3

@ But a possibility arises when we consider the potentiality to
activate nonlocality within S; through local operations. In the
context of data hiding or secret sharing it is possible to
effectively turn such a resource-less set into a resource-rich
one. We show that such a set can be converted to a locally
indistinguishable orthogonal set by LOCC with certainty. This
transformation allows us to locally hide information within S;.
i.e., the information encoded in 51 which was locally available
initially, after transmission, can not be accessed completely by
the local observers, part of it will always remain hidden.
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a

S SsE M, = PR

Contains nine mutually orthogonal
pure states

Locally distinguishable under LPCC>
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Example 1: S, C C3%2=3

\4741)5 10)[01 + 02 + 11 — 12)

|¢5) |0)[01 — 02 — 11 — 12)

‘ |#d5) = 11 £ 20— 1)l0)

7

|¢;) =10)/00 + 01 + 10 — 11)
|¢;) = 10)|00 — 01 — 10 — 11)

Il)IO 1) [1)

/

[#2:) = 102 DI~ 112




Exploring strong locality: Quantum state discrimination regime and beyond
0000000®00000000000000000

Example 1: S, C C3%2=3

[Locally irredundant ]

13 Nonlocality can be
activated by LPCC
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Example 2: S, C C3®2®3

@ On the other hand, S, represents such sets where genuine
activation by LOCC is impossible. So, the classical information
encoded with the orthogonal states of such set always remains
accessible by the local observers, i.e., when parties are
constrained to perform only OPLM, the outcomes consistently
exhibit locality. This characteristic places S, on the more local
end of the spectrum compared to S; as Sy is seemingly
unsuitable for applications like secret sharing and data hiding.
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Example 2: S, C C3®2®3

@ On the other hand, S, represents such sets where genuine
activation by LOCC is impossible. So, the classical information
encoded with the orthogonal states of such set always remains
accessible by the local observers, i.e., when parties are
constrained to perform only OPLM, the outcomes consistently
exhibit locality. This characteristic places S, on the more local
end of the spectrum compared to S; as Sy is seemingly
unsuitable for applications like secret sharing and data hiding.

@ Now this prompts a compelling inquiry: Could S, still contain
hidden nonlocal characteristics that are yet to be unveiled? If
so, the nature of this hidden nonlocality becomes a central
question, along with the pursuit of methods to access it.
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Example 2: S, C C3®2®3

e For that regard, we give an example of a local set whose
nonlocality cannot retained by local observers but two or more
observers can jointly grab its hidden nonlocality.
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Example 2: S, C C3%2=3
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Example 2: S, C C3%2=3

[ Locally irredundant ]
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Example 2: S, C C3%2=3
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Example 2: S, C C3%2=3
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@ Local projective measurements and classical
communication(LPCC) is a strict restriction of LOCC.
Therefore, a consequence is that any task which is feasible in
LPCC, so they are in LOCC. But the converse is not true
always. We find here the gap between LOCC and LPCC.
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@ Local projective measurements and classical
communication(LPCC) is a strict restriction of LOCC.
Therefore, a consequence is that any task which is feasible in
LPCC, so they are in LOCC. But the converse is not true
always. We find here the gap between LOCC and LPCC.

@ We also find some asymmetric configurations in tripartite
systems which provide the phenomenon of nonlocality without
entanglement, Quantum Inf. Process. 21, 169 (2022).

@ It is also worthful to discuss with round number required to
achieve local discrimination tasks, J. Phys. A: Math. Theor.
56 (2023) 365303.

@ Also there are some strong form of quantum nonlocality exist,
if we consider Unextendible biseparable basis beyond
unextendible product basis, Phys. Rev. A. 109, 052211
(2024).
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