“idden Markov

Models: Classrcal,
Keantlum, and Beyona’ .

Andreas wWinter
(ZCREA & UAB Barcelona)

LA. Monras/Aw), TMP 2016 - 1412.3634,
M. Fanizza/J. Lumbreras/Awy, CMP 2024 - 2209.112257]



ﬁn/'ie/y correlaled staZe 3/\/817 Ay cplp map

D:S(AN=S(He LU and stale w = Tr,0D(w):

w—b

D

D

D

D

D

>

cS(LR) £or all s

l l l l l

When D i1s ( copugation by) an Isometry, we

gel matrix product state (MPS).

[ Farnes/ Nachterqaele/ terner, CMP 144:443-490 (1992)]



C*—-ﬁnfz‘e/y correlaled staZe 3/\/817 Ay cplp map

D:S(N S0l and state w = Tr,o0D(w):

w—b

D

D

D

D

D

>

cS(LR) £or all s

l l l l l

When D i1s ( copugation by) an Isometry, we

gel matrix product state (MPS).

[ Farnes/ Nachterqaele/ terner, CMP 144:443-490 (1992)]



General finitely correlated sZate 3/\/8/7 Ay PGP
D:V-VRB(L and V' > 11 = Tr, o0D(1):

T[_’D_""_’D_'D_’D_"”_’)_'T

cS(LLrN for all »

V' is a vector space, 1 /inear s.Z. T(M)=l.
What does This added 3enera/fz‘y aclually
Aay Aeyona’ C*X-FCS7

[ Farnes/ Nachterqaele/ terner, CMP 144:443-490 (1992)]



(852( of Che Z‘d/,é:
Classical finitely correlated states,
/.e. proéaéf/fz‘y distribetion on U”

Concretely, we observe an infinite Cime

series bl foneld | Ly Uy U il e
[faz e U /edlers FfForr a £firnile a/p/'zdéez‘].



(852( of Che Z‘a/,é:
Classical finitely correlated states,
/.e. proéaéf/fz‘y distribetion on U”

Concretely, we observe an infinite Cime

series bl foneld | Ly Uy U il e
Caz( e U /edlers FfForr a £firnile a/p/'zdéez‘].

Asswume stationarity, i.e. for all ¢ and ¢,
Prsld=c)y ., llo=ttr8 = Pr§llp=ct)y e,y =tlr8.



(852( of Che Z‘a/,é:
Classical finitely correlated states,
/.e. proéaéf/fz‘y distribetion on U”

Concretely, we observe an infinite Cime

serres bl foneld | Ly Uy U il e
Caz( e U /etlers Forr a firne a/p/'zaéez‘].

Asswume stationarity, i.e. for all ¢ and ¢,
Prsld=c)y ., llo=ttr8 = Pr§llp=ct)y e,y =tlr8.
7These marginals P(u), #or all £inite words

U = Uy é(fE[U-U[U

deterrine ZhHhe proédéf//z‘y /aeo.
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(852( of Che Z‘a/,é:
Classical finitely correlated states,
/.e. proéaéf/fz‘y distribetion on U”

‘Explanalion’ of Plu) via a £inile memory
systerr as Audden cacise:

g2 L o | 0 X o

—» — > — .. —> —

l l | l l

“?y 2% %% «, 2

OFf course, need Zo specity the nalure of
Zhe causalion, and of The reriory..



Example: Cavidy—alon 1nteraction
[Cowurtesy of S. Yarochel:




Example: Cavidy—alon 1nteraction
[Cowurtesy of S. Yarochel:

Huestion: can one infer Che Quantum rnaZure

of the internal mechanism by oéser\//ng Ple)?



Ot /ine

V. Observations as conseguence of a
finitary Ardden cacse (mermory)

. Classicaly, guantum and GPT memory

2. Keconstructing a guasirealisation:
loco—rank Hanke! matrix (completion)

3. Separaz‘/ons: classical ,Cf ?aanz‘am ,C{ GP7



|-a. Classical memory (¥ MM)

7T hHe X € X are £fror a £frnle set of interna/

states, D: X = X x U s a stochastic map:

X X L X X X, X
g s [ i e [ i N O a2 )8 B g [ 4

l l | l l

) % 2% 2 2

D X = X are sub-stochastic maps, s.Z.

D = zaba 15 stochastic with stalionary
distribetion n: D1 = 1, 1D = 1

(P-r)



|—6. Seeantens memory (Y IMM)
7 Ae Xz‘e X=5S(¥\ are ?aanz‘am stales on ¥,

arnd D Is « c:omp/eZ‘e/y positive 1hsTruUment:

ol p [ 2 Py Pe | e 5]
l l l l l
2 2 2, 2 27

D X = X are completely positive »aps, s.Z.




|—6. Seeanteen memory ( Y MM
7 Ae lee X=5S(¥\ are ?aanz‘am stales on ¥,

and D 1s a completely positive rnstrurient:

o] o T 2] 5 ] 5 e » 1 el 5 12

oy )(—-l «¢, 2 2
D, : X = X are completely positive maps, s.C.
D = zabd 1s wnital (¢pup) eo C* —=£initely

state w: Dl = 1, woD £ w. correlated state

(cp.r)



|—6. Seeanteen memory ( Y MM
7 Ae lee X=5S(¥\ are ?aanz‘am stales on ¥,

and D 1s a completely positive rnstrurient:

X X
K T2,

X__ﬁ D
l

“t

D

|

Ir real /ife (=in
Che laboratory):

D

~0

D




|—c. (General linear stroctere

7 Ae >, € V' are elements of a (real) vector
space, and D 15 a collection of linear »aps:

o] o T 2] 5 ] 5 e » 1 el 5 12
l l l l l
2% 2 «@, 21 2

DV =V are linear maps, 1eV; neV”, s.2.




|—c. (General linear strectere

7T he X € V' are elements of a (real) vector
space, and D is a collection of /inear »aps:

o] o T 2] 5 P 5 o] » 10 el 5 12
l l l l l
2% 2% «, 2 2

D, V' = V are /inear maps, 1€V me\* </

D =2 D preserves bsth T a
DT-‘-T,HOD“H,QS /! as (1
Ple ety ety ) = rtobalobaz... "4,

(PLLF.)




|—c. (General linear stroctere

el T =l el el p | ) 5 [
—-(/ “ “o & “
D,V =V are linear maps, 1€V, weV™, s.Z.
D = ZMDM preserves both T and 1, (T)=L.
(get.r.)

Unlife classical and Quantum case, no a
priori guarantee that FP(u) =



|—c. (General linear stroctere

el T =l el el p | ) 5 [
! l | l l
—-{/ “ “o “ “p

V' = V are /linear maps, 1€V, weV™, s..

2 -
D = z D preserves both T and T, TI(T)=1

(get.r.)

Unlife classical and Quantum case, no a
priori quarantee that A(w) =z 0. In Fact,
checf/ng POSITIVIZY IS wundecidable %

[Sontag, J. Comp. Syst. Sci. lI(3):375-35l, 19757]



Simple examples: —IL.1.d. distributed ¢y € U,
re. P = P,®Z infinite product of 5/°n3/e-—-/ez‘z‘er
distributions P. Keguires no, or rather only
Zrivial, memory: dim V = |



Simple examples: —IL.1.d. distributed ¢y € U,
re. P = P,®Z infinite product of 5/°n3/e—-/ez‘z‘er
distributions P. Keguires no, or rather only
Zrivial, memory: dim V = |

~De Finetd/ distribetion P = ) 1‘[>(P§<> L Lot
distinet p.d)s P, and m.>0.

Kealised as MM by MePMOrising xex forever,

and 1ndeed dinr V' = IX| is both swfFicier?d and

necessary for a ?A(QS//"ed/deZ‘/on.



Simple examples: —IL.1.d. distributed ¢y € U,

re. P = P,®Z infinite product of 5/°n3/e-—-/ez‘z‘er
distributions P. Keguires no, or rather only
Zrivial, memory: dim V = |

—De Finetds distribution P = ) 1‘[>(P§<> L Lot
distinet p.d)s P, and m.>0.

Kealised as MM by MePMOrising xex forever,

and 1ndeed dinr V' = IX| is both swfFicier?d and

necessary for a ?aas/rea//saz‘/on.

For [Xl=o: stationary process rnot realised as
SAMM, SIMM, or ever ?adsfrea//sai/on.



Example. V' = B(CRY_ = spanil,X,\;23 owubit
ewi1th T1=1, T[-‘-:?!'T/:, and The r”o//ow//g Maps:

sa

2, = ;7 10><0] A 10><0I,
) = o 1>L1l A h><1l,

exp(raX)y A exp(-raX),
exp(IBZL) A exp(-1BZL),
A

>/
NN N N TN
AN A A A A
—
I
L —L)—Lr L)L) —



Excample. V' = B(CRY_ = spanil,X,Y; 22 ?aéiz‘
ewi1th T1=1, T[=—2!77~, and Che fo//ow/'ng Maps:

sa

D (AY = 5 10><01 A 10><0l,
DAY = g h><11 A 1><1l,

Dx (A = -;l{ exp(raX)y A exp(-raX),
D, (A = ;’; exp(BZLY A exp(-BZ2),
DAY = 5 A .

When a/n and B/N are irrational, dynaniics
explores whole Bloch sphere densely. Four-
dim. ou.r., but regouires 2 gowbits for c.p.r!



Excample. V' = B(CRY_ = spanil,X,Y; 22 ?aéiz‘
ewi1th T1=1, T[-‘--:?!'T/:, and The fo//ow/'ng Maps:

sa

D (AY = 5 10><01 A 10><0l,

DAY = g h><11 A 1><1l,

Dx (AY = ;{l- exp(raX)y A exp(-raX),

D, (AY = 5 exp(iBZY A exp(-B2),
| oL

/T(.4> =7 A .

tWhen a/m and B/ are irrational, dynamics
explores whole Bloch spherie densely. Four-

dim. ou.r.:



Kecover The internal mechanis» Fronr Plw)?

Fuantum application: charactlerisation of
Quant U devices — statle preparatlion, gates
and meascurements — Ffrorm First principles.
L& Blume—-Kohowt et al, 1310.44927] Creal SySZ‘eM
as a black box whose reactlion o different

ntervenlions e can

oéser\/e

&vidently poss 1b/e only
wp Zo linear e?a/\/a/ence ,

e.g. Isomelries.



W Aat 3aaranz‘ees PosIIVITy of proéaéf/fz‘y?

* w=ey e,

repres entation.

'”é(f H‘DL(-: DL(IODM‘?... O‘DA(

, S 58”7/3/‘0&(?



W Aat 3%@/‘@/7%885 pOS/'Z‘/\//Z(y of proédéf/fiy?

X Classical & guantum case: positivity P(u)z0
entorced 5}/ Zhe veclor space order.
Generally: Assume e have comex cones
CcVand C c C' c V' 5.2 1el, T[ea and ThHe

cones are presfzr\/ea’ Ay Zhe Transformalions,
re. D, C c C, CD c C Vu. Then Plu)=0.



W Aat 3aaranz‘ees PosIIVITy of proéaéf/fz‘y?

X Classical & ?aanz‘am case: positivity P(u)=0
enforced 5}/ Zhe veclor space order.

Generally: Assume e have comex cones
C cVoand C c c V¥, s.? 1€, e, and Zhe

cones ar preser\/ea’ Ay Zhe Transformalions,
r.e. D, Cfc C, CD c C Vu. Then Plu)=0.

Dual cone C'=§£2V": AAx)=0 Vxel ¥



X Classica/ & guantum case: positividy P(u)z0
enforced by the vector space order.
Generally: Assume we Aave comex cones
CcVand C c C c V¥, s.Z 1eC, T[ea, and ThHe
cones are preserved by the Cransformations,
re. D,C c C, @ac C Y. Ther P(e)=0.
Comversely: I P20, Then such cones exist,
eqg. C=C,,, = cones D, T : « € U™,

C=C, = conesy: e« € U™ S




X Classica/ & guantum case: positividy P(u)z0
enforced by the vector space order.
Generally: Assume we Aave comex cones
CcVand C c C c V¥, s.Z 1eC, T[ea, and ThHe
cones are preserved by the Cransformations,
re. D,C c C, @ac C Y. Ther P(e)=0.

Comversely: I P=0, Then such cones exist,

e.qg. C=C,,,, = cones D, T : « € U™,
C=C, = conefly: « € U™S.

727

w0l wunigue, could for instance also Zafe
dual cone C=C"; call any such C ‘swuitable’.



Interpretation: finite—dimensional
?aas/rea/fsai/on ‘explains’ Cime serres
e Ay Zhe Aidden mecharnisrr of a
general probabilistic C¢heory (GPT):
-C and C' are pornted and generaling cones;
—T1e/n?(C) and S:=5#C :#(1)=1§ stale space,
—G:=Cn(1-C) ‘efFects For measurerents.

L& Ludewig & school, 19605-70s, ... ]



Interpretation: finite—dimensional
?aas/rea/fsai/on ‘explains’ Cime serres
e Ay Zhe Aidden mecharnisrr of a
general probabilistic C¢heory (GPT):
-C and C' are pornted and generaling cones;
—T1e/n?(C) and S:=5#C :#(1)=1§ stale space,
—G:=Cn(1-C) ‘efFects For measurerents.

L& Ludewig & school, 19605-70s, ... ]

L | % E LD = Priult, 3£, , relates

l = current & future states,
. and The outlput «u.



2. Reconstruction of V'

* Consider the Yanke/-Cype matrix ¥/=(%,.),
corh )Z/L()Z = P(&A = p(&(, Uy ot V) V5 \/%>
= ;z/s)& = )Z/&)S _



2. Reconstruction of V'

* Consider the Yanke/-Cype matrix ¥/=(%,.),
WiEh Huy = Play = Pl tly wntly Vi vy o))
= )Z/S)& = y&)s _

* IF# Che process P Aas a guasirealisation of
dins V' = d, Zhen
>z/4,z = (T[°Dg>(bﬂ>>
and so rark ¥ < d.



2. Reconstruction of V

* Consider the Yanke/-Cype matrix ¥/=(%,.),
¢OI1TH Y/m/ = Pluv) = Pl e, lly V) V5 \/(/}
>Z/&,&/ = y&,

K T£ ZAe pProcess P has a ?adS/‘rea//SdZ‘fon of’
dins V' = d, Zhen

yg,z = (T[°~Dg>(~bg-r>)
and so rark ¥ < d.

K I P has p.r w/ s stales, Then d=s; ¥ 17 Aas
co.r w/ Hilber? space dimension 2, ¢hen d=72.



T hus: Finide rank of ¥ necessary re?a/remenz‘
for The existence of a ?aasfrea/isaz‘/on, and
hence of classical or ?aanz‘am hidden Marfov

models.
Is 17 swfLicrent?



* Consider the Yanke/-Cype matrix ¥/=(%4,.)
with 4, = Plw) = Pl e, by V| Vo eV, ).
A/ecessar//y of £finite rank

K Comersely, 1 rank ¥ = r < ©: 7T here exists
a gu.r. (reqular rep.’) with dim V' =
which 1s The minimum. Any other rinimal-

dirm. QU IS simlar Zo Zhe requtiar one,

j.e. linearly e?a/\/a/enz‘.



* Consider the Yanke/-Cype matrix ¥/=(%4,.)
corth >Z/L()Z = P(&A = p(&(, 2 é(f \/l \/2 \/% >
A/ecessar//y of £finite rank

K Conversely, 1¥ rank ¥ = r £ «: 7T here exists
a gu.r. ( reqular rep.’) eith dim V' = 1

whirchHh 1s The »irninicdm. 4/7)/ olher »irnimal/-

. DU 1s simitlar Co The rega/ar one.

[Construction: V' = column space of ¥/, and
D, maps hy = .y o Ay = Ay = Ky -
linear because 17 selects Zhe roews of A,
LoITh 1ndex ending in ey 1=/, 1=(1,0,0,...).
Check 2hat 7 works... ]



Fine, so assume £inite rark r of ¥=(4,.),
r.e. an r—dimensiona/ ?aas/rea/fsaz‘/on ex1sts.
Is the process Ther 3eneraz‘ea’ by a Finite
memory YMM (classical p.r.)?



Fine, so assume £inite rark r of ¥/=(4,.),
r.e. an r—dimensiona/ ?aasfrea/fsaz‘/on ex15Ts.
Is The process Then 3eneraiea’ by a Finite
memory YMM (classical p.r.)?

NO! [LFox/Rubin (1968Y and Dharmadrifari/
Nadfarni (1970Y] provided £irst examples of
processes with Ffinite Hanke! rank (actually

r=3Y) but regutiring infinite classical memory.
In fact they're defined as SYMM o/ infinite
memory. Explorls spectral information Fron
Perron—Frobenics Zheor v



4//‘/5/72‘ : assume finite rank r of H=(%,,),
r.e. an r—dimensrona/ ?aas/rea/fsaz‘/on ex1sts.
Is the process Ther 3eneraiea’ by a Finite
memory Y IMM (guantetrr cp.r.)?

( Asked Ay Fannes,/ A/acz/'zz‘ersae/e/ Werner
COMP 144:443-490 (1992)]1 For 3enera/ £initely
correlated states.)



4//‘/5/72‘ : assume finite rank r of H=(%,,),
r.e. an r—dimensrona/ ?aasfrea/fsaz‘/on ex1sts.
Is the process Ther 3eneraz‘ea’ by a Finite
memory Y IMM (guantetrr cp.r.)?

( Asked Ay Fannes,/ A/acz/'zz‘ersae/e/ Werner
COMP 144:443-490 (1992)]1 For 3enera/ £initely
correlated states.)

F/:na’: ﬂ;x/ (A(A/n's and D/mrmaa’/?/(/ar//
Nadfarni's processes hAave Y IMMs (corith
?az‘r/z‘s).

LM. Fanizza/TJ. Lumbreras/ AW, arXiv:2209.12257]



3. Classical < ?aanz‘am c GPT7

Minima/-dinensiona/ ?aas/rea/fsaf/on of a
process Is wunigue, and 1somorphiic to The
reqular representation front ¥y dint V = k.



3. Classrcal & ?aanz‘am c GPT7

Minimal/—drmensronal ?aas/rea//sai/on of a
process Is wunigue, and 1somorphic To The
reqular representation front ¥y dint V = k.

Fact: (aiven any ?aas/rea/fsaz‘/on V; Zhen Zhe
reﬁa/ar one 1s oblarned Ay 30//73 Zo ?aoz‘/enz‘

\é = Spdn(cm,)/(/er(cﬂ’mx).



3. Classrcal & ?aanz‘am c GPT7

Minimal/—drmensronal ?aasfrea/fsaifon of a
process IS am?ae, and 1somorphic To The
reqular representation front ¥y dint V = k.

Fact: (aiven any ?adsfrea//saz‘/on V, Zhen Zhe
rega/ar one 1s oblarned 5}/ 30//73 Zo ?aoz‘/enz‘

v, =: span(C,,; )/ ker(Cppn.
For the cone C (classicaly guantum or

G P77, this means intersecting 1T Ith
span(C,,,), and factoring out Ker(C,, ..



Lecall cones:
Given comvex cones C c V and C c C' c VS
s.Z. 1€C, neC, and Cthe cones are preserved by

Zhe transformations, 1.e. D,C c C, @ac C
for all w. 7Then Plu)=0.

Comversely: I P=0, then such cones exist,

eqg. C=C, = cone$ D, T : w € U™E,
C=Clun= conesnD,: « € UTS.

But not an/?ae : many Ccones betioeen C s

and C,, .~ are switable: C,;,, c C c C, ..
(Also, of course, C has Zo be stable wnder
Zhe rmaps D, 1)



A YMM (p.r.) has Tthe cone of non-neqative
veclors, ZAs 3/\/85 rise To polyhedral cones
C & O orn the rega/ar representation.



A YMM (p.r.) has Tthe cone of non-neqative
veclors, ZAs 3/\/85 rise To polyhedral cones
C & O orn the rega/ar representation.

A HIMM (c.p.r) has cone of seridefinite
maztrices;, TAIS gies rise Zo seridefinite
representable (SDAY cones C & C' in Zhe
rega/ar repzres entZation:

e
C = £x=(XpoXs) + Ixgrpexe 2 XK 2 08,

/=

for cerlarn DxD—malrices &



Example. V' = B(C?)_, = spanil,X,\\28 oubit
ewith T=1, TP%—'fF, and ZhHe fo//oa)/ng mMaps:

D (AY = 5 10><01 A 10><0I,

D, (AY = 4 N><1 A 1><1l,

DA = z," exp(iaX) A exp(—iaX),
D,(A) = § exp(B2) A exp(-B2),
DAy = 5 A

I/? ihe P I 8\//.04(5 8>( am P / e 9 When o/ and B/T are irrational, dynarics

. explores whole Bloch sphere densely. Four-
CM/./? — CM 50 he NCE c 1S dim. gu.r., but reguires 2 g&(éiiﬁ for e.pht
an/?ae y and 1Ts not polvhedral: cone over
Bloch sphere. 7Thus, Chis process has ro

(£inite) classical realisation.

Polvhedral cone betiween C,,;, and C,, .
necessary for cl. realisalion. Sufficient?

LCA however Dharmadhikari/ Nadéarni]



SDR cone between C,,ipand C,us necessary

£or existence of a ?aanz‘am real/isation.
SwufFicient? (...)



SDR cone between C,,ipand C,us necessary
£or existence of a ?aanz‘am real/isatron.

SwufFicient? (..)

T A TM. Fanizza/T. Lumbreras/ AW, 2209.12257:
3 process P with Yanke! rark ¥ = 3 and

c.. =C,
cones are semi-algebraic. Thus, P has no

S IMM.

o Cranscendental, chereas SDK



SDR cone between C,,ipand C,us necessary
£or existence of a ?aaniam realisatron.

SwufFicient? (...)

T hrr. LM. Fanizza/T. Lumbreras/ AW, 2209.1122571:
3 process P with Yanke! rark ¥ = 3 and
Chin= C, .~ Transcendental, cohereas SDOK
cones are semi-algebraic. Thus, P has no

S IMM.

Ansecoers open ouestion of Fannes /) Nachter—
gaele/ terner LCMP 144:443-490 (19921 :-)



Example: P has Chree symbols, O, I, 2.
We 3/\/@ direct/y 1Zs QUGS rrealisalion:
V=R3; /et a2l>b620 swuch that /In a and /In &

are linearly independent over the rationals.

a O O 5 O O
)1"[0 ’ 0] ,DZ-“-[O ’ O])
O /n a | O /n b |

270
7 :
Do = 7”70Ho ) o1t mip = 2702 )
<ok

-
Lo = LMo Moz Mozl



Example: P has Chree symbols, O, I, 2.
We 3/\/@ direct/y 1Zs QUGS rrealisalion:
V=R3; /et a2l>b620 swuch that /In a and /In &

are linearly independent over the rationals.

a O O 5 O O
D:"[O ’ O] )DZ'—'[O ’ O])
O /n a | O /n b |

) 54T o, o
D[SDQ'-'[O | 0] for s, Z € N

O s(/n a)\+Z(/n &) |



Example: P has Chree symbols, O, I, 2.
We 3/\/8 direct/y 1Zs QUGS rrealisalion:
V=R3; /et a2l>b620 swuch that /In a and /In &

are linearly independent over the rationals.
a O O 5 O O

D: = [ O | O ] >2 = [ ’ O] )
O /n « I O /n & |
[ ] for s, ¢ € N



Example: P has Chree symbols, O, I, 2.
We 3/\/@ direct/y 1Zs QUGS rrealisalion:
V=R3; /et a2l>b620 swuch that /In a and /In &

are linearly independent over the rationals.

a O O 5 O O
D:"[O ’ O] )DZ'—'[O ’ O])
O /n a | O /n b |

Z‘ e 0 O
Dﬁbz = [ O e, ] , ewith x € R dense!

O > |



Example (cont'd): Do 15 a ‘reset’ operalion
(Maé/nﬁ P a birth process’), so can corite

Coroe = Cconefoe™ HoztHosx Hosd : xeR2
CM//?: CO/?@{EMO,@X 2703 M02+M03X3T°' XER;
Fact: C, .. 1s of Che same form as C_,,,

only with different parameters. One canr
choose DO sweh Chat C,,,,‘,? =Cmax=C-



Example (cont'd): Do 15 a ‘reset’ operalion
(Md(//nﬁ P a birth process’), so can corite
Coroe = Cconefoe™ HoztHosx Hosd : xeR2

7”
CM/./?—- COh@{EM@,@X /2703 /)702"}"/)703)(-:1 J XE[R;
Fact: C, .. 1s of Che same form as C_,,,

only with different parameters. One canr
choose DO sweh Chat C,,,,‘,? =Cma>(=c-

In that case, a suritable positive linear

combinalion of Doy, D,y D, Ahas rzﬁhf £ixed
point T in inZ(C), and left Ffixed poin? T 1»s
n2(CY. This is the sought-afler gu.r. (..)



Example 3/\/85 rise To Tthe exponential cone

Kexp = :0ownz)  x/y = Yy x\,z2054,
and 17 works for ws because 2hat is a

Zranscendental shape.



Example 3/\/85 rise To Tthe exponential cone

Kexp = :Oownz) @ x/y = Yy x,,z20%,
and 1t works for ws becawse that is a

Zranscendental shape.

/V/ore examples from pocoer cone (O<Z<I)

= £ (ownZ) X 2zl x,20, zeR§,
a)/wc:/? 1s Cranscendental 1 T 1s 1rralional.
As before e carn a’esfgn a reset map and
Zeo invertible maps, ewhich latler actl densely
Zransitive on Che cone's extremal rays. And

O Can engfneer cC . =C

215 226 ) Z(OO.



Y Furdher 2houghts

@ Exhibided a process (FCS) corithout a
?aanz‘am realisation (r.e. it is not C*-FCS).
Yoewever, CAhatl 1s an asymplotic stalement,
every Finite A/oc/é of The charrn 1s C.p.
representable. 7o approximatle P on s sites
Zo error &, Hoew /arge a virtual dimension
do we need? For Fixed 7 and n—o, does ¢
become arbitrarily smally, or is i bowunded
ALY/ FFonrt O, or does even CO/’?\/E,’I‘385 Zo |7



Y Furdher 2‘/704(3/72‘5

Extend Zo genutinely guantum case, I.e. a
charn of non—commuialive spin C*—a{geéras:

B Yave a 3enera//5@z‘/on oFf rega/ar (2111 3784 757
dim.) representation for FiniZely corr. states

@ Kather than a veclor space order on V
and positive elements and maps, necessary
and swufficient structure 1s an operalor
syster, i.e. consistent orders on VOM,, and

maps are completely positive...

I:fdnnes/A/ac/’zz‘ergae/e//«)erner, CMP 144:443-490 (1992)1



Y Furdher 2houghts

ﬁnfz‘e/y correlaled stale on a charrn of nor-—
commutalive spin C* —-a/geéras :

@ In fact, the Finilely correlaled stale itselr
gives uUs Two extreme o.s., where the cones

(VoM. are erther all as small or all as
/arge as they can be.

@ Exponential and poecer cones have matlrix
3enera//5az‘/ons)‘ perhars switable for rneco
variat/onal classes of FCS? Need cp maps/!

[Fanizza et al. ) wor,é 172 progress’.]



Y. Furdher 2howqghts

ﬁnfz‘e/y correlaled stale on a charrn of nor-—
commuialive spin C* —-a/geéras :

@ Examples of a FCS that are not C*¥-FCS
are Highly mixed (Chey're p.d.s). So what
abouwt pUre ones 4

® Note that C*-FCS alevays Aave C*X-FCS
pé(/‘///’caifons. Do oL ) eXdMP/e F CS /7@%9
FCS purifications?

[Fanizza et al. ) wor,é 17 progress'.]



4. Juestions, guestions, Questions

O Loww—rank completion of Che “Wanke/
Malrix with rnoisy data? CF [ Fanizza/Galke/
Letmbreras/ Rowzé/ AW, arXiv:2312.075167]

B Yo o Find a ?aanfam mode/ J'asz‘ £For
ZA e resa/ar representation ( dssa/n/ng one
ex1sts)?

@ Can these exponential and pocwer cones
be wsefu/? Note thal dual cone is of Zhe
same Kind, so perhaps 3000’ for comvex
optlimisalion. Lnteresting class of GPTs?
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5. Kemoving redundancy: guotients

I your model 1s nhotl rinimaly, still usefel,
assam//73 7 has a switable cone CcV/
Kedundancy ...
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5. Kemoving redundancy: guotients

I your model/ 1s notl minimaly, still wusefel
assamin5 i has a swidable cone CcV/

Kedundancy: 1W=spaniD 1 : e e UTZ c
K=ftD,,: et € UXZ ¢ V/

& Null space; CnK=0, so

Loe Mmay faclor owt K...

Reachable space; »194C as
-Y/4 go Zo W, corth cone Cndd ...



5. Kemoving redundancy: guotients

I your mode! 1s notl rinimaly stil/ wusefel

assamin5 i has a swidable cone CcV/

Kedundancy: tW=spansD v : z« € UT c
K=ftD,,: et € UXZ ¢ V/

\é = W /K,

C,:= (CnsN/K = §eo+K : ewoelCni/é,

= T+K, n = n/K, Dﬁ:-‘- D,/ K, ewell-defined

because of (K)Y=0, D wcunly D, KcK.



5. Kemoving redundancy: guotients

I your model 1s nhotl rinimaly, still usefel,

dssamfng i has a swidable cone CcV/

fea’ana’ancy: M-’Spanéﬁg'r e UN ; C \/,
K=sfnd,,: w« e [U”(‘}l

W/ K,

o= = (CntN/K = §eo+K : eoeCni/é,

T,:= T+K, n = n/K, D = 2, /K

5 =
c

Aleoays a minimal-dim. QL. k., Aence 1s
Isomorphic To reqular, and cone C, 15 switable.



Kedundancy: M-’Spdn{)é('r cuw e UTE c V)
K=£i%z:é;e M*}L

/K,

0= = (CotN/K = fe04+K : woelni/é,

1,:= T+K, n = n/K, D = 2 /K

5 <=
c

Classical model, i1.e. \/=|Ra/, C=|R{§/O, T=ly ..., )T,
m « proéaéi//z‘y row veclor.



Kedundancy: tW=spaniD v : w« e UTZ c V]
K=£ﬁ2z:é26 M*}L

W /K,

0= = (CnN/K = §eo+K : eoeCni/é,

T,:= T+K, = n/K, D = 2 /K

5 <=
c

Classical model, i1.e. \/=|R{a/, C=|R{§/O, T=ly ..., )T,

M a probability roew veclor.
Cyis Then a polyhedral cone and every swc/
cone arises 1n The aéox/e LOQY ( foar/er—-
Motzkin eleriinalion). Guaranteed:
d = #extremal rays of C, sometimes best.



5. Juotient of a guantum rmode/
Fuantum model, i.e. \/-‘-B()f/)sa, C-‘-B(%/)ZO , T=1,

=0 gwanium stale, D, are cp maps.

Once constrected Kntd c 4 c V: Cod is an
operalor systenr, C, = (Cntl)/K a f&(oz‘[enz‘

operalor systerr; The Dﬁ preserve C, 1n fact

cp maps 1n The operalor syster sense.
[ Farenick/ Paclsen, Math. Scand. 111:210-243, 201271



5. Juotient of a guantum rmode/
Fuantum model, i.e. V-‘-B()f/}sa, C-‘-B(%/)ZO , T=1,

=0 gwanium stale, D, are cp maps.

Once constrected Kntd c 4 c V: Cod is an
operalor systenr, C, = (Cntl)/K a ?aoz‘[enz‘

operalor systerr; The Djj preserve C, 1n fact
cp maps 1n The operalor syster sense.

[ Farenick/ Pactlsen, Math. Scand. I1:210-243, 20127]
Meméers/?/p in Che cone 1s an SDP: serny—
definite condition of a #inite—=size »atrix

oith existential real variables.



SDE operalor systems:
1 e A)-‘-Spaniﬁgﬂ cuw e UM = 3(>‘/> s
K=fwel, : « € [U”‘?L c B(H) sa

VecZor space and positive cone:
\6 = W /K,
CO:= (B(#lonﬂ)>/i< = f.0+K : weg(#;onﬂj}.

[ Farenick/ Pactlsen, Math. Scand. 111:210-243, 20127]



SDE operalor systems:
1 € A)=span£D£ﬂ cw e UTE = B <)
K=fwel, : « € [U”“}L c B(H) sa

VecZor space and positive cone:
\6 = W /K,
CO:= (B(#;Onﬂj)/l( = f.0+K : weB()f/;OnA);.

Operator system /ifts Chis Zo \é ®B(C™)
C, := (goz/@@”;&n;()@g((:”}s Y/ Ke

[ Farenick/ Pactlsen, Math. Scand. Ill:210-243, 20127]



SDE operalor systems:
1 € M-’spaniﬁé_ﬂ] cw e UTE = B <)
Kefwedy: e € UXZ ¢ B(H) s

VecZor space and positive cone:
/= /K,
Coi= (BOAYnN/K = §eo+K 1 e B(H) na/s.

Operator system /ifts Chis Zo \é ®B(C™)
C, := (g(>z/®<c”20nw®g(@”>§ Y/ Ke

CP maps: (D,0/dYC,, c C, Ffor all « and s.

[ Farenick/ Pactlsen, Math. Scand. Ill:210-243, 20127]
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But the D, remember more Than ust 5@//73
cp 1n The operator syster. Lndeed,

D e P o= $N/K : A co on B(¥H),

2
NN ) N(KYcK € ¢ End(V)),
which 1s 1tself an SDE cone.
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But the D, remember more Than ust 5@//73
cp 1n The operator syster. Lndeed,

Df( e P = $N/K : A co on B(H),
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which Is itself an SDE cone. Maybe you
don? £ind it oo pretty...t ook wus
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But the D, remember more Than ust 5@//73
cp 1n The operator syster. Lndeed,

D e P o= $N/K : N co on B(¥H),

2

NN ) N(KYcK € ¢ End(V)),
which 1s 1tself an SDE cone. Mayée oL
don? £ind it oo pretty...t ook us

7 w/’[/'/e, Z‘oo, Zo see 1Ts Aeaé(Z‘y :—-> .
P=P(L)KY c CPV ), and in general

Zhe rnclusion 1s strict!
[é-?ad/fz‘y 5)/ Arveson's extension

Zheoren for K=0 or A)-‘-B(%



6. Keconstructing the vector order?

Task: Find a switable cone C £or Zhe DU.F.
(\/,T,T[@a), deally a ‘nice one...
eorth (recally

cmfn: CZO/?@{DZT P U E [U’*;,

CM@X: CO/’?@{T@Q- U € [U*;).

Necessarily, C . c C c C

71N X )




6. Keconstructing the vector order?

Task: Find a switable cone C £or Zhe DU.F.
(\/,T,T[@a), deally a ‘hice one..
Necessarity, C, ., c C c C_ ., eith (recally

7271 72 Vi

C_ . = CO/?@{DZT e UTE,

/271
CM@X: CO/’?@{T@Q- U € [U*;).

Can we choose C polvhedral or SDK?
Difficulty of course that C has Co be
preserved by the D, ; note that Cuyipn& Conn
satlisty Chis aulomatically.



6. Keconstructing the vector order?

Instructive special case: C = Coyipn= Coha
ra//ng owl a classical mrode/ 1£X Chat 15 rnot
a polyhedral cone. [CF example, here /s
happens with C=cone over a Bloch sphere.’]



6. Keconstructing the vector order?

Instructive special case: C = Coyipn= Coha
ra//ng owt a classical mode/ 1£ Chat 1s not
a polyhedral cone. [CF example, here /s
happens with C=cone over a Bloch sphere.
And Che other example, where C is unigue
and not SDL, in fact Zranscendental,
provides a process 3enerafea’ éy a Finite
GPT, but /o guantum realisation.’]



